Abstract. In this paper, we prove that the inequalities α[1/3Q(a, b) 
Introduction
were presented in [1] . Very recently, Li et al. [3] proved that
is the p-th generalized logarithmic mean of a and b, and p 0 = 1.843 · · · is the unique solution of the equation (p + 1) 1/p = 2 log(1 + √ 2). And, in [4] the author found that
and
for all a, b > 0 with a = b. The aim of this paper is to improve and refine inequalities (1.2) and (1.3). Our main results are the following Theorems 1.1 and 1.2.
holds for all a, b > 0 with a = b if and only if α ≤ (3 −3
holds for all a, b > 0 with a = b if and only if λ ≤ (6 − 6 6 √ 2 log(1 + √ 2))/(7 − 6 6 √ 2 log(1 + √ 2)) = 0.274 · · · and µ ≥ 8/25.
Lemmas
In order to establish our main results we need two Lemmas, which we present in this section.
Proof. From (2.1) one has
where
We dived the proof into two cases.
1/6 ) follows from (2.2), (2.4) and (2.6).
Case 2 p = α 0 . Then (2.3) and (2.5) lead to
Note that
√ 2). The inequality (2.9) implies that g α 0 (t) is strictly increasing in (1, 2) such that f α 0 (t) is strictly decreasing in [1, t 0 ] and strictly increasing in [t 0 ,
2) follows from (2.2) and (2.7) together with the piecewise monotonicity of f α 0 (t). LEMMA 2.2. Let p ∈ (0, 1),
Proof. From (2.10) we have
12) 
2) follows from (2.11), (2.13) and (2.15).
Case 2 p = λ 0 . Then (2.12) and (2.14) lead to Note that
. Then from (2.13) and (2.17) we clearly see that there exists t 1 ∈ (1,
2) follows from (2.11) and (2.16) together with the piecewise monotonicity of F λ 0 (t). 
where f p (t) is defined as in Lemma 2.1. Note that
Therefore, Theorem 1.1 follows easily from (3.2)-(3.4) and Lemma 2.1.
Proof of Theorem 1.2. Since M(a, b), C(a, b) and A(a, b) are symmetric and homogeneous of degree 1. Without loss of generality, we assume that a > b. Let p ∈ (0, 1) and 
